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CN I Abstract 

^ . In this paper we present an LP-thcory for the stochastie partial differential equations (SPDEs 

in abbreciation) driven by Levy processes. Existence and uniqueness of solutions in Sobolev 
O; ■ spaces are obtained. The coefficients of SPDEs under consideration are random functions de- 

pending on time and space variables. 
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1 Introduction 

^ \ Let {Q,J-,P) be a complete probability space, {/"i,t > 0} be an increasing filtration of cr-fields 

Q^ I J-t C J-, each of which contains all ( J-", P)-nuIl sets. We assume that on 0, we are given independent 

^^ I one-dimensional Levy processes Z^,Zf, ... relative to {J-t,t > 0}. Let V be the predictable cr-field 

• ' generated by {7"*,^ > 0}. 
(•~^ ■ In this article we are dealing with VF'^'^-theory of the stochastic partial differential equation 

o' 



du = {a'^u^i^j + b'u^i -\-cu + f)dt + {a'''u^^ + n'^u + g'')dZi (I.I) 



>v>( I given for t > and x € M . Here p € [2, oo) and n € M. Indices i and j go from I to d, and k runs 

H I through {I, 2, ...} with the summation convention on i,j, k being enforced. The coefficients a*-', 6*, 

c^a^^,!!^ and the free terms f,g^ are random functions depending on {t,x). 

Demand for a general theory of stochastic partial differential equations (SPDEs) driven by Levy 
processes is obvious when we model a natural phenomenon with randomness and jumps. The main 
objective of this paper is to establish unique solvability in Sobolev spaces for SPDEs (jl.ip . 
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If {Z ,k > 1} are independent one-dimensional Wiener processes, L^-theory for SPDE (jl.ip 
has been well studied. An L^-theory of SPDEs with Wiener processes defined on M" was first 
introduced by Krylov in [7] . Subsequently, Krylov and Lototsky [9l [TO] developed an L^-theory 
of such equations in half space M" with constant coefficients. These results were later extended 
to SPDEs with variable coefficients defined in bounded domains of M" by several authors, see, for 
instance, [H O [11] . 

However very little is known when {Z ,k > 1} are general discontinuous Levy processes. As 
far as we know, most previous work on SPDEs driven by Levy processes deal with equations with 
non-random coefficients independent of t and, moreover, o"*'^ have always been assumed to be zero, 
consequently first derivatives of solutions were not allowed to appear in the stochastic part. More 
precisely, the typical type of equations appearing in the previous works (see [H [H [121 [E] and 
references therein) is of the following type: 

n 

du = {Au + f)dt + Y^ g^{u)dZ^, (1.2) 

fc=i 

where A{t) is the generator of certain semigroup, and the function g^ satisfies certain continuity 
conditions. 

Our approaches are different from those in [U HI [121 [13] . We adopt analytic approaches intro- 
duced by Krylov in [7]. Our results are new even for the stochastic heat equation 

du = Au dt + g dZt, 

since we establish unique solvability result in LP{Q x [0,T],Hp) for every p € [2,cxd) and n G M, 
not just in L^(J7 x [0,T],H2) space. (The definition of Sobolev space Hp = W^'^ will be given in 
next section.) This allows us to obtain various regularity results of solutions. See Remark 12. lO( ii). 

Our main results are stated in section 2 and consist of Theorem 12.71 (L^-theory) and Theorem 
12.91 (L^-theory. p > 2). In section 3 we deal with equations with constant coefficients, and in section 
4 we prove Theorem 12.71 and Theorem 12.91 

We end the introduction with some notation. As usual W^ stands for the Euclidean space 
of points X = {x^, ...,x'^), and Br{x) = {y G M'^ : |x — y| < r}. For i = l,...,d, multi-indices 
a = (ai, ..., Od) with ai G {0, 1, 2, ...} and functions u{x) on M'^, we set 

Diu:=u^, ■.= du/dx\ D'^u := D'^^ ■ ... ■ D'^-'u, \a\ := ax + ... + Ud- 

For a,b ^ W^, we define a Ab := min{a, 6} and aV b := max{a, b}. For p > 1, we will use \\u\\p to 
denote the L^-norm of u in L^(M ; dx). For scalar functions f,g on M , {f,g) := J^d f{x)g{x)dx. 

2 Main results 

For t > and A € B{^ \ {0}), define 

N^(t, ^) := # {o < s < t; Z'l - Z^^ G a\ , N''{t, A) := N^{t, A) - tUk{A) 



where i^k{A) '■= IE[A^fc(l,A)] is the Levy measure of Z . By Levy-Ito decomposition, there exist 
constants a , /? and Brownian motion B so that 



Z^it) = a^t + /3^B^ + / zN^{t 



/ zN\t,dz)+ [ 

J\z\<l •^kl>l 



zN^{t,dz). 



(2.1) 



For simphcity, throughout this paper, we assume a^ = f3^ = 0. Consider the following equation for 
random function u{t,x) on x [0, oo) x M : 

du = [aj-^u^.^j + b^u^i +CU + f)dt+ (cr'-^u^i + fJ-'^u + g''^ dZ^ (2.2) 

in the weak sense. Precise definition of weak solution to (j2.2p will be given in Definition 12.41 below. 
Here i and j go from 1 to d, and k runs through {1,2, • • • }. The coefficients a^^ , b^ , c, cr^^ , fi^ and 
the free terms f,g^ are random functions depending on t > and x G W^. 



Assumption 2.1 p S [2,oo) and for each k, 



Ck,p •" 



For n = 0, 1,2, ..., define Sobolev space 



i/p 
l^z^fc((iz) 1 < oo. 



Tjn TT 

Hp .- Hp 



nfmd 



) = |u : n. 



Du,...,D''u€ 



LP{rM 



where D u are derivatives in the distributional sense. In literature, H^ is also denoted as W"''^ 
In general, for 7 G M define the space Hp = HpCU. ) = (1 — A)~'^'^L^ (called the space of Bessel 
potentials or the Sobolev space with fractional derivatives) as the set of all distributions u such 
that (1 - Ay/^u e LP. For u e FjJ, we define 

M^. := 11(1 - Ay/Mp ■■= ll-^~M(l + \C\'r^'num]\\p, (2.3) 

where J-" is the Fourier transform. Let "P""^"* be the completion of V with respect to dP x dt. 
Denote by Elp(r) the space of all "P -measurable processes n : [0, T] x i7 — ?> Hp so that 



Wmi(T) '■'- 



E 



u\\Kry dt 



i/p 



< 00. 



For fixed p > 2, define 

Note that c^ = Ck,2 when p = 2, and for 2 < g < p, by Holder's inequality, 

(p-g)/(<?(p-2)) / . ^ {q-2)/{q{p~2)) 



Ck,q < { \z\ l^k{dz 



< Cfc- 



For ^^-valued processes g = {g^,g'^, ■■■), we say g G EIp(T, £^) if g € Elp(r) for every k>l and 



\9\Wli.T,P)--={^ ^ |||(l-A)T/25|,.|lPdt ) 



1/p 



< 00, 



(2.4) 



where g = {gi,g2,93,- ' ') '■= {cig ,C2g ,C3g , ■ ■ ■)■ Finally, we say uq G Up if uq is J^o-™easurable 



and 



\uo\\m ■■= ^ 



H„ 



F0ii^^_(2/p) 



i/p 



< oo. 



Remark 2.2 It follows from ([O]) that for any /i,7 G M, the operator (1 - A^/"^ : H^ ^ H^ ^ is 
an isometry. Indeed, 



11(1 - A)^/2t,||^,_, = 11(1 - A)(^-'^)/2(l - Ar/^u\\p = 11(1 - A) 



u\\p = WHh^- 



Remark 2.3 (i) Let A4p(T) denote the set of all Hp-valued {7"t}-adapted processes u{t) that are 
T ® S(0, r)-measurable and satisfy 



E 



T 



\u\\Krl dt 



< OO. 



Then by Theorem 2.8.2 in [8], M],{T) C IHI^(r). 

(ii) Note that under Assumption 12.11 for p = 2, Z'^ is a square integrable martingale for each 
k > 1. For every 7^'^^^'^*-measurable process H £ L'^{Q x [0, T]), Mf := L HgdZ^ is a square 
integrable martingale with 



E[Mj2] = E 
So for any g G M],{T,f) and (/) G C, 



2 JF'zfei 



H^ d[Z 



cLe 



Hids 



(2.5) 



oo/ 



k=l 

oo r fT 



{g'Afds 



^E / ((l-A)^/2cfc/,(l-A)- 



■^/2</,)2rfs 



< ||(l-A)-^/2,^||iE 



£ ( E 1(1 - A^/'^fc/p, 1(1 - A)-^/'^\) ds 



< 11(1 -A)-^/2^||i 11(1 -A)-^/V||.]E 



riiEid-^) 

Jo " ^ 



^/^Cfe/f 



p/2 



ds 



< 11(1 - A)-^/2,^||i 11(1 - A)-^/2</,||, T^"i ||5||^.(^,,.) < c^, 



where g = p/[p — 2). Thus in view of (|2.5p . the series of stochastic integral J2T=i fo(9^^^)^^s 
defines a square integrable martingale on [0,T], which is right continuous with left limits. 



y+2 



Definition 2.4 Write u G U],'^ \T) if u e IHi;5+^(r) with u(0) G C/^, and /or some f G H;i(r) and 



geM;+\T,i^) 



du = fdt + g^dZl , fort(^ [0, T] 



in the distributional sense, that is, for any cj) € C^(M ), 

(n(t),0) = (n(0),(/>) + / (/,0)dt + V / [g\cl^)dZ^, 
Jo ^ Jo 

holds for all t <T a.s.. Define 



(2.6) 



and define 



\U\\nrt+2 



'hZ'^ (T) ■~ w^-^^my^T) 



}u := /, Su := g, 



u\Lj+'2 rrr\ + \\'^U\\„2(T-) + §« L7+1 



(T) 



ir (5": 



i^) + Mmu'^ 



7+2. 



Theorem 2.5 For any p € [2,cx)),7 G M and T > 0, Tip (T) is a Banach space with norm 
II • \\^j+2,j,y Moreover, there is a constant c = c{d,p) > 0, independent of T , such that for every 



E 



t<T P 



<c(||Du||^,(^) + ||Sn||^,(^^,,)+E 



I IIP 

F0||>T7 



Consequently, for each t > 0, 



\u\ 



mlit) 



< c \\u\\^ ^,9, ds 



nr^isy 



(2.7) 



(2. 



Proof. In view of Remark 12.21 it suffices to prove the theorem for 7 = 0. First we prove (12. 7p . Let 
du = fdt + g^dZf with u{0) = uq- Assume that 5*^ = for ah k > Nq and 5^ is of the type 



gHt,x) = J2hr',rtA*)9'\x), 



i=0 

where r*' are bounded stopping times and g^"^ G C^(M"'). Define 

00 „f 



;(i,x) = 5] / gHzl 



(2.9) 



Then by Burkholder-Davis-Gundy inequality (used twice) and monotone convergence theorem, 



E 



sup \v[s,x) 

,s<t 

CO „f 



< cE 



Y,J^ J \gHs,x)\'\z\^N\ds,dz)\ 



\P/2 



c hm E 

7V-i>oo 



< c hm E 

Af-i-oo 



' °° ft [■ 

V/ / \g\s,x)\M^N\ds,dz) 

,fc=1^0 J\z\<N 



p/2 



oo „t 



\P/2' 



V / / \g\s,x)\M^N\ds,dz)] 

,fc=1^0 J\z\<N ) 



+ cE 



CXD „v- ^ OO 



Y. / Y.\9\s,x)\^\z\^Vk{dz)ds 



p/2 



< c hm E 

7V->-oo 



oo „t 



\ P/4 



+ cE 



t oo 



\ p/2' 

Y\gHs,x)\'ds] 



k=l 






Recah that for any q > I, (Y, Wnl'^y^'^ < E l^nl- Thus if 2 < p < 4, then 



E 



< E 



oo ^i \P/4 

J\z\<N J 



E 



p/4 



j; Y, \g\s,x)t\^Z: 



fc|4 



E 



fc 0<s<t 

ft oo 



<E 



j; Y \g\s,x)T\Az',r 



k 0<s<t 



■ i oo 1 ft f '^ \ P/^ 

/ Vicfc,p/(s,x)rc?s <E / V|cfc,p/(s,x)M rfs 

^0 fc=l J -^0 \fc=l / 



If 4 < p < 8 then 

oo ^f 



E 



< E 



< cE 



< cE 



\ P/4 

-'|z|<Af / 



E 

^ oo ft r ^ ' — ^ ft p 

\k=i-^'^ •^kl<A^ fc=i '^ •^|2|<^ 

/ oo „i „ \ P/8 / „t OO 

J]/ / |/(s,x)nz|8Ar^(d,,dz) + / j; 

^f oo / „£ OO 



p/4 



x)! 1^1 Vk{dz)ds 



p/4- 



?'(^,^)|'d5 



Similarly, in general, for p € (2" ,2"], 



E 



< cE 



Y,]^ J \9Hs,x)\'\z\^N''{dz,ds) 



p/2 



\p2 



j=l V" k 

Also since for each 2 < q < p, 

1/9 



e(/ ei^'(^'^)i''^^) +^^e / ^i?*^(s,x)|Pds 



t oo \ 1/9 f f ft °° \^/^ / /.< ~ 



l/p\ 



we get 



E 



< c{p) E 



V/' rt 



Ei^'(^'^)"' 



(2.10) 



and 



E 



sup |'y(s,x)|^ 

s<t 



< c{p) E 



J^ k=i J J^ k 



(2.11) 



By integrating over M , we get 



E 



sup WvWp 

.s<t 



<c(p)||5ll^o(t,,2). 



(2.12) 



Next we show that (l2J2]l holds for general g G Wl{T,f). Take a sequence Qn G ^l{T,f) so that 
for each fixed n, 5^ = for all large k and each g^ is of of the type (j2.9p . and (7^, — )• 51 in lHI,p(T. 
as n — )■ 00. Define Vn{t, x) = ^^ J^ g^dZ^, then 



pV-^ 1 



E 



sup||i;„r 



<c(p)||5n||^0(t,^2), E 



supll?;^ -VnWp 

s<t 



< c(p)||gm 9n\\^0(^i-^^2y 



Thus (I2.12P follows by taking n ^- 00. Now note that 

d{u — v) = fdt with (u — v){0) = uq. 
Thus it is easy to check that 



E 



sup \\u — vWp 

s<t 



<cE[|lno||^] +cE 



\fis,-Wpds 



Consequently, 



E 



sup ||n| 

s<t 



< C 



HO(t) 



+ c||5'l 



H0(t/2) 



+ cE||no||^ ■ 



The completeness of the space 'H'i{T) easily follows from ()2.7p . The theorem is proved. 



D 



Now we introduce the space of point-wise multipliers in Hp. Fix kq > 0. For r > 0, define 
r+ = r if r = 0, 1, 2, • • • , and r+ = r + kq otherwise. Also denote r~^ = r + kq. Define 

'S(R'^) ifr = 0, 

B^ = I C'-^'\Rd^ iir=l,2,---, (2.13) 

C'"(R<^) otherwise, 

where B{M. ) is the space of bounded Borel measurable functions on R , C^~^'"^(R ) is the space 
of r — 1 times continuously differentiable functions whose (r — l)st order derivatives are Lipschitz 
continuous, and C"'(R'^) is the usual Holder space. We also use the Banach space B^ for £^-valued 
functions. For instance, if 5 = {g^,g'^, ...), then l^l^o = sup^, |(7(x)|£2 and 

\D'^g{x)-D"g{y)\p 



|a|<n— 1 |a|=n— 1 ' ^ 



\x -y\ 



Assumption 2.6 (i) The coefficients a^^ ,U ,c,a^^ , ^^ are V (^BiW^) -measurable functions. 

(ii) a^^ = a-'*, and the functions a^^ and a* are uniformly continuous in x. In other words, for 
any e > 0, there exists 6 > G such that whenever \x — y\ < 6, 

\a'^{t,x) - a'^t,y)\ + \a\t,x) - a'{t,y)\e2 < e. 

(Hi) There exist constants 6,K > so that 

\a'^\ + 1^**1 + \c\ + \a^\i2 + \fiy < K, 

SIdxd < ia'^ - a'^) < {a'^) < Kld^d, 



(2.14) 



where a^^ := ^ X^fcLi c| 20'*'^<7"''^ and Idxd denotes the {d x d)-identity matrix. 



Here are main results of this article. We formulate them into two theorems since our assumptions 
are stronger when p 7^ 2. 

Theorem 2.7 Let 7 G R, T > and Assumption \2.6\ hold. Also assume there is a constant L > 
so that for each u, t, 

\a'Ht, •)IbI7|+ + \b\t, ■)\^H+ + \c{t, •)Ib17|+ + W\t, ■)\^\-,+i\+ + |/i(t, •)Ul7+i|+ < L. 

Then for any f € M^iT), g G H2 {T,i'^) and uq G C/^ equation h2.2) has a unique solution 
u G n'l'^^iT), and 



Mn^,+\T) ^ c 



I(T) + II9|Ih^+1(T,^2) + II^o|Ic77+2 



(2.15) 



where c = c{6, K, L, 7, T) . 



Remark 2.8 Condition {2.14^ naturally appears when one writes Ito's formula for |up, where u 
is a solution of hl.l\) (see Lemma 2.8 in J^). Remember we assumed /3 = in Ii2.1\) . If 13 ^ 
we need to replace {2.14\) by 

where a^= := \ EZiiif^'? + cl2)^"'^"'- 

Theorem 2.9 Let p € (2,oo),7 € M and e > be fixed. Assume Assumption \2.6\ holds, a'''' = 
and there is a constant L > so that for each oj, t, 

\a'^{t, •)leN+ + \b\t, •)|5N+ + |c(t, •)IbH+ + l/^(*' ■)IbI7+ii+ < L. 

Then for any f G Mp{T), g G Mp ^(T, £^) and uq ^ Up , equation \2.2^) has a unique solution 
u G Vi'^'^iT), and 



U\\^l + 2,r^^ < C 



nr (T) 



(||/IIh2(T) + MmJ+^+'iT/^) + ll'"ollc/;+2) , (2-16) 



where c = c{6, K, L,p,^,T). 



Remark 2.10 (i) Note that Theorem 12.91 requires stronger conditions than those in Theorem 12. 7| 
a^^ is assumed to be zero, and the regularity condition of p, is stronger since 1/^1^17+11+ < lAi|^i7+i|+ • 
(ii) However Theorem 12.91 gives better regularity results of solutions; let 7 + 2 — d/p > and 
u be the solution in the above theorems. Then from the embedding Hp C (7')'+2-a/p^ j^ follows 
that 



E 



T 

\'^\(J'y+2-d/pdS 



< c 



2(T) + lbllH^+i+-(r/2) + ll'"olIc/7+2J 



3 SPDEs with constant coefficients 

In this section we consider the equation 

du = {a'^u^^^j + /) dt+ (a'^'u^i + /) dZ^, (3.1) 



where the coefficients a^^,a are independent of x. Recall that (5o > is the constant so that 

{a'n > Soldxd- 

Let Tt denote the semigroup associated with the Laplacian A on M*^, that is, 

Ttfix) = Pt * fix), where Pt{x) = (27ri)-'^/2e-l^l'/(2*). 
Lemma 3.1 Let p £ [2, 00) and g = {g^,g'^,- ■■) e LP{{0,T) xR'^,e'^). Then 

{ \DTt-s9is,x)\%ds) dtdx<cid,p) / \g{t,x)\P^dtdx. (3.2) 

jR-i Jo \Jo J Jm<i Jo 



Proof. See Lemma 4.1 in [7]. 

D 



Lemma 3.2 Let p G (2, oo) and / G LJ'((0, T) x E'^). Then for any e > 0, 

[ I [ \DTt-sf{s,x)\Pdsdtdx<c [ ||/(i,-)||^.rft, (3.3) 

JM.'^ Jo Jo Jo ^ 

where c = c{d, p,e,T). 

Proof. Let q > p he chosen so that 1/p = (1 — e)/2 + e/q, and define an operator A by 

[0 otherwise. 

Then, due to Lemma [3TT] and the inequahty ||ri_sD/||q < ||D/||g, the hnear mappings 

A: L'^{[0,T],L^{R'^)) ^L^([0,T] X [0,T] x R'^) 
and 



A:L'^i[0,T],Hl)^L'i{[0,T] x [0,r] x 



t>d\ 



are bounded. Thus the lemma follows from the interpolation theory; see, for instance, [H Theorem 

5.1.2]. D 



Remark 3.3 We suspect that (|3.3p is not true if e = 0, and this is one of main reasons why we 
assumed a = in Theorem 12. 9[ 

Here are the main results of this section. 

Theorem 3.4 For every f G M7,{T), g G m7,^^{T,f), uq G U^'''^ and T > 0, equation (E2p with 
initial data uq has a unique solution u G T-C^ {T), and 

||wx|le^+i(T) - ^ (ll/lle](T) + \\9\\ml+^(T.p) + ll"o||[/7+2 j (3.4) 

\Mul+\T) ^ ce'^^ (ll/lle](r) + Mm^^+^t/^) + \\uo\\ui+2J , (3.5) 

where c = c{6o, d, K) is independent of T. 

Proof. Owing to Remark 12.21 we may assume 7 = —1. Indeed, suppose that the theorem holds 
when 7 = — 1. Then it is enough to notice that u G 7^2 (^) ^^ ^ solution of the equation if and only 
if v:={l- A)('T+i)/2m is a solution of the equation with / := (1 - A)(t+i)/V, 9 ■= (l - A)('^+i)/25 
and uo := (1 — A)^'^'^^'''^uo in place of f,g and uq, respectively, and 

ll"lle]+2(T) = ll'^llei(T) < c (^||/|le-i(T) + llfflleO(T,£2) + ll'^ollc/ij 

le](T) + II9|Ih^+1(t,£2) + W^oWu] 



+2 
2 



10 



Since the coefficients a^^ are independent of x, equation (|3.ip can be rewritten as 

By Remark 2.9 and Theorem 2.10 in [3], this equation has a unique solution u G El2(T), and 
furthermore there is a constant c > independent of T > so that 

||^ix||L2(T) < C (^||/|lH-i(r) + llfi'llH0(T/2) + ll«o||(/i j • 
IkllHi(T) < ce''^ (^||/||jj_i^^^ + ||fif||]H[0(T/2) + ll^ollc/l j • 

The theorem is proved. □ 

Theorem 3.5 Let p > 2, cr*^ = for each i,k, e > and T > 0. For every f G IHI^(r), 
g S Mp ^{T,i'^) and uq € Up , equation \3.V^ with initial data uq has a unique solution u G 
n^'^^iT), and 

\\^\\h;+\t) ^ c(||/||e2(T) + II5'IIh2+i+-(t/2) + ll'"o||^7+2), (3.6) 

where c = c{6o, d, p, e, K, T) . 

Proof. Again by Remark 12.21 we only need to prove the theorem for 7 = — 1. Since the uniqueness 
of solution of equation (13. ip follows from the uniqueness result of deterministic equations, we only 
need to show that there is a solution u € T-LpiT) and u satisfies (13. 6j) . 
Step 1. First we prove the theorem for the stochastic heat equation: 

00 
du = Audi + ^g^dZ^, ^(0) = 0. (3.7) 

k=l 

Using a standard approximation arguments, without loss of generality, we may and do assume that 
g'^ =Q for all A; > iVo + 1 and that 

m{k) 

g\t,x)=Y,I^^u.At)g^\x), 
j=0 

where rf are bounded stopping times and g'^'^{x) G C^iW^). Define 

No „t No ni{k) 

vit,x) := ^ / g\s,x)dZ^ = E E 5'^(^)(^L^ " ^L") 



k=l^ fc=l i=l 



and 



u{t,x) := v{t,x) + Tt-sAvgds. 
Jo 

Then d{u — v) = (A(n — v) + Av)dt = Audt. Therefore 

du = Audt + dv = Audt + g^dZ^. 
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Also by stochastic Fubini theorem, almost surely, 

No .t 
'0 ^0 



u{t,x) 



^0 H ft Q 

{t,x)-^J J —Tt.,g\r,x)dsdZ, 

No r-t 

^ / Tt-sg'dZ^. 



V 



N, 



Similarly, 



d 



No 



Thus by Burkholder-Davis-Gundy's inequality and (j2.10p . we have 



■^0 rt 



E[|n,(t,x)n < cE 

< c{p) E 



Y,j j\DTt^sg''?\z?N\dz,ds)\ 
/ ft °° \ P/^ ft °° 

yo fc^i ; Jo j^^. 



DTt-stTds 



By Lemma ISTTI Lemma [3?2] and the inequality ^;. \akY' ^ (Sa; l^nP) j 



E 



Jo 



\Du\?dt 



<cE 



I ||P r. 



ft No \P/2 ^^ 

■^0 fc=l / -^0 fc^i 



(3.8) 



(3i 



Next we prove (j3.6p . As before, 

E[|n(t,x)|P] <c(p)I 

Since (Efii |a„|2)P/2 < iV(iVo,p) Ef=i lanl^ and ||rt/||p < ||/||p, it easily follows that u £ M^T), 
and consequently u G T-LUT). By Theorem 12.51 and p.Sp . 



E 






< r(d n) \\Aii\\^ -I- llnll^ I < rllnll*' 



This together with (13. 8p and the inequality 

IKIIh"! = 11(1 — ■^)'U||r7-l < ll'w|lu-l + l|Au||rj— 1 < ||n||rr-l + ||-Du|L 
II ll-n II \ / ii_H„ — II ll_H„ II "tl„ — II ll/i„ II ll-f' 



prove (|3.6p . Before we move to next step, we emphasize that (|3.9p has nothing to do with p.6p . 
and it is used only to show that ||u||ho(t) < oo. 
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Step 2. General case. Let v G 'Hp{T) be the solution of equation (|3.7p . where the existence 
of the solution is obtained in Step 1. Also let u € 'Hp{T) be the solution of the following equation 
(see [3 Theorem 4.10]) 

du = {a^^u^i^j + / + a'-'v^i^j — Av)dt, n(0) = uq. 

Then by Step 1 and [3 Theorem 4.10], 

IbllHi(T) < c||5(||]Hi=(^2), 

II^IIhi(t) < c(||ua;xllH-i{T) + II/IIh-1{t) + hoWu^)- 

Note that u := u + v satisfies 

du = {a'^u^i^j + f)dt + g^dZ^, u{0) = uq 
and estimate (13.61) follows. □ 



4 Proof of Theorem 12.71 and Theorem 12.91 

First we prove the following lemmas. 



en 



Lemma 4.1 For c > 0, let Zf{c) := c Z^^^ and v^ he the Levy measure of Z^{c). Th 

z^v^{dz) = [ z^u^idz). 

Proof. Denote N^it,A) = #{s < t;AZ^{c) G A}. Then Nl;{t,A) = N''{c'^t,cA) and 

iy^{A) = E \n''{c^,cA)\ = c^v^icA). 

Hence the lemma follows from a change of variables. Indeed, let f{z) = cz and h{z) = z^ jt? . Then 
^c ° /~^ = (P'v^ ^ and so 

z^vl(dz)= f h{f{z))i^^{dz)= f h{z)c^i^''{dz)= f z^u'^idz). 

D 

Consider equation ()3.ip with Zf{c) in place of Zj^. It follows from ()2.4p with p = 2 and Lemma 
14.11 that Theorem 13.41 and ()3.5p holds for this new equation with the same constant C. Recall the 
definition of B"^ from (|2.13p and that r+ := r + kq. 

Lemma 4.2 For d > 1, p > 2 and 7 E M, there is a constant N = N{d,p, 7) > so that for every 
aeB\^'\+ andueH^, 

\\au\\Hi <iV|a|^l^l+ \\u\\h^. 

The same is true for i"^ -valued functions a in B''^'+ . 
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Proof. See Lemma 5.2 in [7]. □ 

Lemma 4.3 Let 6* = c = /i*^ = and suppose that there is a constant L > so that 

|a'''(*)-)lsi7i+ ++l'7*(t,-)lslT+il+ ^ -^■ 

Define 

(3:= sup (\a'^it,x)-a^^{t,y)\ + \a"'{t,x)-a^'^{t,y)\,2). 

T/ien there exists /3o = /5o('^, S, K) > 0, independent of L, so that if P < /3q then for any solution 
of u £ T-LI {T) of equation (j2.2|) we have 

\Mml+\T) ^ '^^"^ (ll/lle](T) + II9IIh2+^(t,^2) + \\uo\\^-^+2J , (4.1) 

where c = c{d, 6, K, L) . 

Proof. Let u G T-Cl {T) be a solution to equation (j2.2p . Denote 

ai/(t) = a^^(t,0), aJ^(t) = cT*'=(t,0), 

/o = (a^^' - ai/)!*^,^, + /, gl = {a'^ - a'o^)u^. + /, 

Co = sup (|a*^ - a[j'|^hi+ + k* - o-oIbW+iI+J • 

Then du = {oqU^i^j + fo)dt + {a^u^i + gQ)dZ^ . So by Theorem 13.41 

||Mx|le7+i(j.) < c{d,6,K) (^||/o||h2(T) + lbo|le]+i(T/2) + ll^o||[/7+2J . 
By Lemma 14.21 

\\{a'^ - a[/)n^«^,||^7 < N{d,j)\a'^ - aQ^l^H+Wu^ixAlH] < ^C'oIKxxUhj' < ^^C'o||'a2;||^;7+i, 
and similarly 



^2 



{a' - cro)n^i 11^7+1(^2) < A^C'ollnj;!!^^ 



+1. 

2 



Thus the lemma follows if cNCq < 1/4. For m > 1, denote am{t,x) := a^^{t/m'^,x/m) and 
cr^(t, x) := a^''{t/m'^,x/m). Then we have 

|a^(t, •) - a^it, 0)1^1,1+ < /? + m-(l^l+^i)Co, 

and we can drop the second term on the right if 7 = 0. Also we have a similar inequality for crj^. 
Observe that Um{t,x) := u{t/m'^,x/m) satisfies 

dUm = {aZ{Um)xixi + fm) dt + (crj^'(^m)x' + 9m) dZt{m~^), 
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where fm{t:X) := m "^ f{t/rn? ,x/m) and g^[t,x) := m ^g {t/m?,x/m). Then it follows from the 
above calculations and Lemma |4. II that for /3 sufficiently small and m sufficiently large, 



\Ur. 



^\ml+\mt) ^ C (\\fm\\m2(mt) + lb™ lU^+^M/a) + ll^o(-A") ll^/^+a 



for each t < T. Also, since || • W^-t norms of u{t/m?,x/m) and u(t,x) are comparable, one gets 
inequality (|3.4p for each t < T in place of T. 
By ()3.4p and the inequality 



||'u|L7+2 = 11(1 - A)u\\h-/ < \\u\\h^ + c||«a;||fT7+l 

it follows that for each t <T, 

This, ()2.8p and Gronwall's inequality prove ()4.ip . 



D 



Lemma 4.4 Let Cn £ C^, n = 1, 2, • • • . Assume that for any multi-index a, 

sup ^|D"Cn(2;) I <M(a), (4.2) 

^ n 

where M{a) are some constants. Then there exists a constant N = N{d,n,j,p,M) such that for 
any f G H^, 

Y.\\CnfrH;<mmr 

n 
If, in addition, 

^|Cn(x)r>c>0, (4.3) 



then 

II f IIP 



^, < N{d,n,j,p,M,c)J2\\Cnf\fH: 



Proof. See Lemma 6.7 in [?]• CH 

Proof of Theorem 12.71 Let /3o > be the constant in Lemma [^^ In view of Theorem 13.41 and 
the method of continuity (see the proof of [3i Theorem 2.11]), we only need to show that a priori 
estimate (I2.15P holds given that a solution u € 'H2 (^) ali'eady exists. Take /3o from Lemma 14.31 
Since a*-^ , u* are uniformly continuous we can fix 5q so that 

\a'^{t,x)-a'^it,y)\ + \a\t,x) - a\t,y)U2 < /3o/4 

if \x-y\< 26o. Fix a smooth function C G C~(-Bi(0)) so that < C < 1 and C{x) = 1 if \x\ < 1/2. 
Take a sequence of smooth functions {Cn : ^ = 1, 2, • • • } so that Cn = C( ^^g^"' ) for some x.„ G M*^, 
and (112]) and (gSD hold. 
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Then by Lemma 14.41 for each t <T, 



Denote ^„(x) = C(^^) and 

a^{t,x)=U^)a'^it,x) + {l-Ux))a''{t,Xn), al,^{t,x) = U^)a'Ht,x) + {1 - Ux)yHi,Xn). 

Then a^ and o"„ satisfy ()2.14p with the same constants 5, K, 

\a^^{t,x) - a^{t,y)\ + \ai{t,x) - ai{t,y)\^2 < /3o, yuj,t,x,y 
and u(^n satisfies 

where 



gi = -a'''uCnx^ + fi'^uCn + g'^Cn- 



By Lemma 14.31 and Lemma 14.21 






Thus by (14. 4p and Lemma 14.41 

ll"llH]+2{t) - ^ (ll^llHj+i{t) + WfWmlit) + l!5lli]+i{t,^2) + ll'"o||^7+2 j • (4.5) 

By definition of the space Til (0 and Lemma 14.21 

< 7V||u||jj7+2(j) + ||/||H](t) + lbllH2+l(t,^2) + \\uo\\^^+2. 

This together with (14. 5p . the embedding inequality (see, for instance, |14j ) 

\\uf +^+p<e\\u\t-,+2+c{e,p)\\u\\l,, V/3 G [0, 1) (4.6) 

^2 2 2 

and Theorem 12.51 yields that 

ft / 

Il„.ll2 j„ , „/iij^ii2 , ||„||2 , II.. ||2 



The a priori estimate now follows from Gronwall's inequality. The theorem is proved. □ 

Proof of Theorem 12.91 Again, in view of Theorem 13.51 and the method of continuity, we only 
need to prove that a priori estimate (|2.16p holds given that a solution u € Tip (T) already exists. 
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Without loss of generality we assume that e < (kq A 1) since once (j2.16p holds for some small e 
then it holds for any e' > E. One can prove the theorem by modifying the proof of Theorem 12.71 
But since o"*'^ is assumed to be zero, the proof of this theorem is much easier. 
Let V € T-Q, (T) be the solution of 

dv = Avdt + {fi'^u + g^)dZ^, u(0) = uq. 

The existence of the solution of the above equation is guaranteed by Theorem 13.51 By Theorem 
and Lemma! 



ll^lU^+^t) ^ c(^||Aiu + 5||jj7+i+.(j^^2) + ||no||^7+2J < c(^||u||jj-,+i+.(^^ + \\g\\^^+i+, + 11^011^7+2) . 

(4.7) 
Note that u := u — v (z Tip (T) satisfies 

du = {a'^u^i^j + Uu^i +CU + f)dt, n(0) = 0, (4.8) 

where / = a^^v^i^j — Av + b'^v^i + cv + f. By Theorem 5.2 in [7], 

II^IIh^+^W ^ 4f\\m;{t) < c(||t;||H7+2(,) + H/Hh^w) • 
Consequently, for each i < T, by (fOl) and (gSl) 

||u||h.+2(,) < c (||n||H.+2(,) + |b|lH,-+^(t)) < c (ll^llH,-+i+^(i) + ll/llH,-(t) + y\\l;+^-^^t) + ll^oll VV ■ 
This together with the embedding inequality (see (|4.6p ) 

||n||r,7+l + e < (5||u||r,7+2 + c((5, s) 1 1 U 1 1 rr7 , 
II iiHp — " "Up ^ ' ' " ii-^p 

yields that 

|k|lH2+2(t) < C (^hl!^7(,) + ||/||;7(,) + lbllJ,7 + l + .(,) + ll^0||^7 + 2 j . 

As in the proof of Theorem 12.71 this easily leads to ()2.16p . The theorem is proved. □ 
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